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1 Introduction 

Canonical systems 

(1.1) 

where H are 2n x 2n matrix functions and I n is the n x n identity matrix, 
are classical objects of analysis, which include Dirac systems, matrix string 
equations and Schrodinger equations as particular cases. For the literature 
on canonical systems see, for instance, the books [3, 10, 19, 39] and various 
references in the papers [22,28-30,34]. We shall consider systems of the form 

m 

y\x,\) = i^b k (\- d k )~ 1 {p k (x)*p k (x) s jy(x,\), b k = ±1, xe[0,oo), 
k=i 

(1.2) 

where y' — ^, /3 k (x) — [ f3 ki (x) (3 k 2(x) ] are C 2 - valued differentiable vector 
functions such that 

sup \\P' k {x)\\ <oo, (3 k (x)(3 k (xY = l, l<k<m, (1.3) 

0<£<oo 

and C is the complex plane. We shall treat also a somewhat wider class of 
systems (1.2), such that the vector functions (5 k satisfy relations 

sup 11/3^(^)11 < oo for allO </ < oo, /3 k (x)/3 k (x)* = 1, 1 < k < m. 

0<x<l 

(1.4) 

Systems (1.2) generalize a subclass of canonical systems for the important 
case of several poles d p with respect to the spectral parameter A. See, for 
instance, interesting papers [11,45] on systems with rational dependence 
on A. A system of the form (1.2), where m — 2, can be treated as an 
auxiliary system for the sine-Gordon equation in laboratory coordinates (see 
Introduction in [26] and Section 6 here). We always assume that 

d k = d k 7^ dp for k ^ p, 1 < k,p < m, (1.5) 
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where d k is complex conjugate to d k . 



The 2x2 matrix function w(x, A) satisfying (1.2) and the normalization 
condition, that is, 

m 

w'(x, A) = i^2b k (\ - d k )' 1 f3 k (x)*f3 k (x)w(x, A), iu(0, A) = I 2 (1.6) 
fc=i 

is called the fundamental solution of (1.2). Different generalizations of the 
notion of a Weyl function are based on the asymptotics of the fundamental 
solution (see e.g. [4,5,9,16,23-25,31,33,43,45]). 

A fc-th Weyl-Titchmarsh function 4> k (X) of the system (1.2) was introduced 
in [26] on the complex disk 



D 



M 



AeC 



A — du — % 



h 

M 



< 



M 



Here, it is more convinient to change variables and use the functions (pk(fj) = 
(f> k (X(fx)), where 

A = d k H — -, a = —— — k - . . (1.7) 

In view of (1.7) the inequality Ss/i < — M/4 is equivalent to the relation 
A G D M . 



Definition 1.1 A function v 9 fc(/u) is called a WT k function of the system 
(1-2) with the properties (1-4) if and only if there exists an M = M k > such 
that ip k is holomorphic on the half-plane ^s/i < —M/4 and for all x G [0, oo) 



sup 

9f/i<-Af/4 



w 



(x,X{fi)) 



i 



< oo. 



(1.8) 



We shall use the notation ( = 9fyi, r] = S/i (fj, — ( + irj). Here 9ft is the real 
part, S is the imaginary part, and the real axis will be denoted by KL When 
the conditions (1.3) hold, the analyticity of ip k follows automatically from 
(1.8). 
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The direct Weyl-Titchmarsh theory for m = 2 (two poles) was treated and the 
uniqueness of the solution of the inverse problem was proved in [26]. Here we 
shall construct this unique solution of the inverse spectral problem (m > 2). 
Starting from the seminal work [21] by M. Krein structured operators were 
successfully used to solve inverse spectral problems. In the cases of Krein or 
self-adjoint Dirac-type systems these were operators with difference kernels 
[2,12,21,34,37,39]. A somewhat more complicated structured operators will 
appear in this article. 

An important series of papers by F. Gesztesy, B. Simon and coauthors on the 
high energy asymptotics of the Weyl functions and local Borg-Marchenko- 
type uniqueness results has initiated a growing interest in this important 
domain (see [7,8,14,15,17,34,41,42] and references therein). The Weyl- 
Titchmarsh theory for a non-self-adjoint case (the skew-self- adjoint Dirac 
type system) has been studied in [6,18,31] and the Borg-Marchenko-type re- 
sults for this system have been published in [35] . Using the procedure to con- 
struct the solution of the inverse problem, we obtain here a Borg-Marchenko- 
type theorem for another interesting non-self-adjoint case, namely, for system 
(1.2). 

Finally, an application to the boundary value problem for sine-Gordon equa- 
tion in laboratory coordinates (the case of bounded solution) will be given. 

Some preliminary results on the existence and uniqueness of the WT k func- 
tions, representation of the fundamental solutions, and uniqueness of solution 
of the inverse problem are given in the next Section 2. The structured opera- 
tors, which are necessary to construct the solution of the inverse problem, are 
studied in Section 3. The construction of the solution of the inverse problem 
and Borg-Marchenko-type theorem are contained in Section 4. The notion 
of the Weyl set is introduced in Section 5, and the sine-Gordon equation is 
treated in Section 6. 
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2 Preliminaries 



To make our paper self-contained we shall formulate in this section some 
results from [26]. We formulate them for m > 2 as the proofs for the case 
m > 2 are similar to the proofs for the case m = 2 treated in [26]. The 
existence and uniqueness of the Weyl functions are stated in Theorem 2.2 [26]. 

Theorem 2.1 Let (1.2) be a system with coefficients (3k which are absolutely 
continuous vector functions satisfying (1.3) and the additional condition 

MO) t^O (l<fc<m). (2.1) 

Then there exist unique WT k -functions ifk (1 < k < m) of the system (1.2). 



To connect W^T^-functions with the solutions from L 2 , similar to the classical 
Weyl functions, let w be the fundamental solution of system (1.2). For fixed 
k (which we sometimes omit in the notations), we define 



W{x,n) = W k {x,ii) := e-^Q(x)w(x,X(fi)), 



(2.2) 



where \x and A are connected by the formula (1.7) and Q is the 2x2 matrix 
function given by 



Q(x) = Qk{x) :-- 



xe[0,oo). (2.3) 



Here (3kj denote the entries of (3k, that is, (3k = [fiki Pk2\- By (1.3) and (2.3) 
the function Q(x) is unitary- valued, that is, 

Q(x)*Q(x) = Q(x)Q(x)* = I 2 , xe [0, oo). (2.4) 

From the second relation in (1.3) and formulas (1.7) and (2.3) it follows that 

. b k 



A - d k 



Qk{x)(3 k (x)*j3 k (x)Q k {x)* = 2i/j, 



1 




A = A(/x). 



(2.5) 
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By (1.6), (2.2), and (2.5) the matrix function W satisfies the system 



W\x,n) = (iw+Z(x,n)) W{x,n), j = 
where 



1 
-1 



, xe[0,oo), (2.6) 



£(x, /i) = Q' k (x)Q k (x)* + iQ k (x) 



b P l3 p (x)* p p (x) 
A — d„ 



Qk{x) 



(2.7) 



From (2.2), (2.4), (2.6), and (2.7) it follows that 

w(x,-pyw(x,fi) = Q(o)*g(o) = i 2 , w(o,fi) = Q(o). (2.8) 

The analog of Theorem 2.4 [26], which is formulated below, states that 



W k (x,fj) 



1 



Theorem 2.2 Let (1.2) be a system with coefficients f3 k which are abso- 
lutely continuous vector functions satisfying (1.3) and (2.1). Then the WT k - 
functions ip k are unique functions such that for some M k > and all \x 
satisfying inequality Qyx < — M k we have 



f 

Jo 



[<PM l\W k (x,n)*W k (x,n) 



1 



dx < oo. 



(2.9) 



We shall need some details from the proof of Theorem 2.2 [26] (Theorem 2.1 
here) in our further considerations. Notice that the Dirac-type system can 
be written down in the form (2.6), where £ does not depend on /i. Similar 
to the Dirac-type system case [31], choose a value M > such that 



sup \\£(x,n)\\<-M. 



£€[0,oo),3^<-M/4 



(2.10) 



By (2.6) and (2.10) one can see that for %t < -M/4 we have [26]: 

^R(x, n) > 0, R(x, fi) := Q(0)W(x, ^* 3 W(x, /x)Q(O)*. (2.11) 
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Now, put 

*{x,n) = % h {x,n) = {% P (x,fi)}l P=1 := Q(0)W k (x,fi)-\ (2.12) 

According to the second relation in (2.8) and to (2.11) we have R(x, p) > j or, 
equivalently, 2l(x, p,)*j$l(x, p) < j. Thus, the linear fractional transformation 

(2.13) 

where 6 is a holomorphic parameter function, is well-defined, and 

< !■ (2-14) 

The class of functions tpk(^') given by (2.13) is denoted by A4(Z). Using 
(2.11), it is shown in [26] that A4(Zi) C A4(/ 2 ) for Zi > Z 2 . For each Z > 
and for each p (Sp < — ^f) the values of ?/>fc(Z,p) (^ £ A4(Z)) can be 
parametrized 

^ fc (Z, p) = Pl (Z, /i)- 1/2 6(/, p)p 2 (Z, /i)" 1 / 2 + p (l, p), l G (0, oo), (2.15) 

Po = —Ri\Ri2, Pi = Ru, Pi = (R21R11 R12 — R22) , (2-16) 

where |0(Z,p)| < 1 and R jp are the entries of R = {Rj P }? =1 . The set of 
values of tpk(l,fJ>) ijpk £ A4(Z)) coincides with the disk on the right-hand 
side of (2.15), that is, the values of ipk form the so called Weyl disks. The 
functions pi(/)~ 1 / 2 and p 2 (/)~ 1 / 2 are decreasing, and for pi we have 

Pl (Z) > 1 -2z(— + 3p) 00, when Z ->■ 00. (2.17) 

Therefore, the intersection of the Weyl disks in (2.15) is a Weyl point, that 
is, there is only one function ^(p), which belongs to all A4(Z): 

p| A4(Z) =: ^(-)- (2-18) 

£<oo 

To study the asymtotics of ipk we need the representation of the fundamental 
solution W from Theorem 2.1 [26]: 



7 



Theorem 2.3 Let f3 k (x) be absolutely continuous C 2 -valued vector functions 
on the interval [0, I] (0 < I < oo) satisfying relations 

sup \\P' k {x)\\ < oo, (3 k (x)(3 k (x)* = 1, 1 < k <m. (2.19) 

0<:r<2 

T/ien W^(x, /x) (x G [0, /]) of the form (2.2) admits a representation 
W k (x, /i)Q(O)* = ^(s) + g (V - 2{d f k _ dk) ) D p(*) 
+ f e^7V fc (x, + V ( n - . A hk - ) f e^7V p (x, «)d M 



+0(^ 2 ), 



(2.20) 

/or fx = ( + i?7, i] 7^ 0, |C| — > oo ; where D s (1 < s < to) are continuous 
diagonal matrix functions, D k = D^ 1 , and 



rn 



sup 

\u\<x<l 



J2\\N s (x,u)\\ <oo. (2.21) 



v s=l 



From the representation (2.20), after some calculations one gets 

lim ^ fc (/i) = (2.22) 

Ss/i—t— oo 

uniformly with respect to 9fyt (see formula (2.29) in [26]). As (2.22) holds 
and /3fci(0) ^ 0, there is a value M such that 

~ M 

\Pk2(0)M») + /M0) I > ^ > 0, S/i < -M < - — . (2.23) 

The WTfc-function is defined in the domain %t < — M by the formula 



= M0)^)-M0) (224) 

M0)V^)+M0) 
Finally, using (2.15) the estimate 

< 2exp ((i(7Z — /i) + M/2)Z), 5/x < (2.25) 



was proved for the arbitrary ipk^k £ A4(0 (see Lemma 2.3 [26]). This 
estimate, in its turn, helped to prove that the solution of the inverse problem 
is unique (Theorem 3.1 [26]): 



Theorem 2.4 For given WT k -functions ipk (1 < k < m) there is at most 
one system (1.2) satisfying conditions (1.3) and (2.1). 

In this paper we shall construct also the solution of the following inverse 
problem. 



Definition 2.5 The inverse spectral problem for system (1.2), (1-4) is the 
problem to recover the system, that is, to recover the matrix function 



0(z) 



such that the relations (1-4) and (2.1) hold and that the given functions ipk 
are system's WTk- functions. We call (3 the potential of system (1.2). 



The corresponding uniqueness theorem was proved in [26] using Theorem 
2.3. 



Theorem 2.6 For given functions ipk (1 < k < m), which admit asymptotic 
representations 

M 

(pkW = c k + 0(n ), c k e C, Ssfj, < — — , fi^oo, (2.26) 

there is at most one system (1.2) satisfying conditions (1-4) and (2.1) and 
such that the functions <fk are the system's WTk- functions. Moreover, it 
follows from (2.26) that 

c k = -A 2 (0)/Ai(0). (2.27) 
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3 S-nodes 



Interesting developments of the classical results on the inverse problems were 
obtained using the notion of the S'-node (see [37,39] and references therein). 
The non-self-adjoint systems were also recovered from their Weyl functions 
using S-nodes [31,33,35]. Here, we shall consider S-nodes corresponding 
to system (1.2). By {"Hi, H 2 } we denote the class of the linear bounded 
operators acting from the Hilbert space "Hi into the Hilbert space "H 2) diag 
means diagonal matrix, and A (l) G {L^(0,/), L 2 m {0,l)} is an integration 
operator: (Aof)(x) = J* f(u)du, x G [0,1]. As in the expression Aof above, 
sometimes we omit / in our notations. Later we shall also denote by A (l) 
the operator of integration in L 2 (0, /). We denote the identity operator by I. 
It is always clear from the context, where I is acting. 

Now, we introduce three bounded operators A(l), S(l), and II(/). Operators 
A(l) have simple structure and do not depend on the choice of j3k(x): 

Af = A(l)f = Df + iBA (l)f, A{1) G {L 2 m (0, 1), L 2 m (0, 1)}, (3.1) 

D — diag{di, d 2 ,..., d m }, B = diag{6i, b 2 , . . . , b m }. (3.2) 

Operator II is an operator of multiplication by the m x 2 matrix function 
[$i(a;) & 2 (x)]\ 

= 9i$i(x) + g 2 $ 2 (x), n(Z) E {C 2 , L 2 m (0, /)}, (3.3) 

where the entries of the absolutely continuous column vector functions Q p 
(p = 1,2) are denoted by and we require 

$ kl (x) = 1, $' fc2 (x) G L 2 (0, 1), 1 < k < m. (3.4) 

Later we shall recover $ 2 from the Weyl functions. 

Operator S G {L^(0, Z), ^(0,/)} is chosen so that it satisfies the operator 
identity 

AS-SA* = iim*. (3.5) 
Therefore we say that A, S, and II form an S'-node. 



n(0 



9i 

92 
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Proposition 3.1 Let operators A and II be given by equalities (3.1)- (3. 3), 
and let II satisfy (3.4)- Then the unique bounded operator S, which satisfies 
(3.5), has the form 

Sf = BDf + /' s(x, u)f(u)du, s(x, u) = {s kp (x, u)}% p=1 , (3.6) 

JO 

where 

D = I m + diag{|$ 12 (0)| 2 , |$ 22 (0)| 2 , . . . , |$ m2 (0)| 2 }. (3.7) 
The entries of s(x,u) on the main diagonal are defined by the equalities 



s kk {x, u) = ~ J ^ $' fe2 ^ j $' fc2 y J dv. (3.8) 

The offdiagonal {k ^ p) entries of s(x,u) are defined by the equalities 

s kp (x,u) = ^J( K (\I-A k )- 1 [l $ fe2 ])w((A/-A p )- 1 [l $ p2 ])(u)*dA, 

(3.9) 

where T = {A : |A — d k \ = e > 0} is anticlockwise oriented, e < \d k — d p \, I 
is the identity operator, A k = d k I + ib k A , and we use A here to denote the 
integration operator in L 2 (0,l). 

Proof 

Write down S in the matrix form 

S = {S kp \l p=l , S kp e {L 2 (0, /), L 2 (0, 1)}. 
Then identity (3.5) takes the form 



AoS kk +s kk Ai — b k n k n* k , n* 



9i 

92 



9i+92^ k2 (x), Tl k G {C 2 , L 2 (0, /)}, 

(3.10) 

A k s kp - s kp A; = m k u;, A k = d k i + ib k A , k^ P . (3.11) 

The bounded solution T of the equation TAq + AqT = Q for Q of the 
form Q = J 'g(x,t) • dt is constructed in Theorem 1.3 (p. 11) [38]. After easy 
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transformations we derive from this result the solution of (3.10) too. Namely, 
we have 

s ^ = {IZ t 1 +T( ^~ /( " K "' (312) 

T(u, u) := $ fc2 ((u + x - u)/2)$fc2((u-x + u)/2). 

From (3.12), taking into account the second relation in (3.4), we derive (3.6)- 
(3.8). To get (3.9) rewrite (3.11) in the form 

(xi - A k )- l s kp - s kp (\i - a;)- 1 = - A^-'UkUKxi - a;)- 1 , (3.13) 

and notice that a(A k ) = d k and cr(A*) = d p , where d k ^ d p and a means 
spectrum. So, we recover S kp by integration of the both parts of (3.13) in 
the small neighborhood of d k : 

S kp = ^ J (XI - A^UkUKXI - A;y l dX. (3.14) 

In other words we have 

S kp = / s kp (x,u)-du, (3.15) 
Jo 

where s kp satisfies (3.9). □ 



Remark 3.2 It is easy to check the explicit formula for the resolvent of A k : 
((A/-^)- 1 /)^) (3.16) 



(X - d k y 1 f(x) + ib k (X - 4)- 2 J* exp { ^f_ £ 



f(u)du. 



Denote by P r (r < I) the orthogonal projector from L^(0, /) onto L^(0, r), 
that is, let P r G {L 2 m (0,l), L 2 m (0,r)} and let (P r f)(x) = f(x) for x G (0,r). 
Notice that P r A(l) = A(r)P r . Therefore, we get 

A(r)P r SP; - P r SP*A(r)* = iU(r)U(r)*, (3.17) 

by applying P r from the left and P* from the right to the both parts of (3.5). 



12 



Remark 3.3 According to (3.17), the unique operator S(r) satisfying the 
identity 

A(r)S(r) - S(r)A(r)* = iU(r)U(r)*, r < I, (3.18) 
is given by the formula 

S(r) = P r SP; = BD + [ s(x, u) ■ du, (3.19) 

Jo 

where s does not depend on r and BD means the operator of multiplication 
by the matrix BD . 

We shall need some properties of S{1). 

Proposition 3.4 The operator S constructed in Proposition 3.1 is self- 
adjoint, boundedly invertible and S' 1 admits a triangular factorization 

fX 

S~ 1 = V*BV, (Vf)(x) = D-*f(x)+ V(x,u)f(u)du, (3.20) 

Jo 

where 

V(r, u) = BD^T r (r, u) (r>u), (3.21) 
and T r is the matrix kernel of the integral operator 

T(r) = Sir)' 1 = BD' 1 + f T r (x,u) ■ du. (3.22) 

Jo 

Proof 

The operator S is self-adjoint as the unique solution of (3.5). (One could also 
prove it by (3.6)-(3.9).) The invertibility of S is proved by contradiction. 
Suppose that S is not invertible. In view of the special structure (3.6) of 
S, it means that S has an eigenvector / ^ 0, such that Sf — 0. Taking 
into account identity (3.5) and equality Sf = 0, we derive (/, niT/) L2 = 0, 
where (•, -) i2 denotes the scalar product in L^(0,/). It is immediate that 
U*f = 0. Apply the both parts of (3.5) to / and use the equalities Sf = 0, 
U*f = to obtain SA*f = 0. So, from Sf=0 it follows that SA*f = 0. 
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In other words, we have SL=0 for the linear span L of the vectors (A*) k f 
(k > 0). Therefore, we have dim L < oo. As A*L C L and dim L < oo, 
there is an eigenvector g of A*: A*g = eg, g ^ 0, and g E L. Hence, by the 
definition of A& in (3.11), there is an eigenvector of integration in L 2 (0,Z): 
^o9k — cgk, gk 7^ 0. This is impossible, and so we come to a contradiction, 
that is, S is invertible. 

In view of (3.18) and (3.19) the invertibility of the operators P r SP* (r < I) is 
proved quite similar to the invertibility of S. By (3.8) and (3.9) the function 
s(x,u) is continuous. Thus, the factorization conditions from "result 2" 
Section IV.7 [19] are fulfilled for S* -1 , where S = BD~^ SD~2 . Hence, the 
factorization formula for S*™ 1 in (3.20), the second relation in (3.20), and 
equality (3.21) follow. □ 

Remark 3.5 Let the conditions of Proposition 3.1 be fulfilled and put 



0(x) = 



= (V$)(x), $(x) := [$i(x) $ 2 (x)] (0<x<l), 

(3.23) 

where V is applied to $(x) columnwise. In other words, we have 

VUg = f3(x)g (g G C 2 ). (3.24) 

Then the matrix functions (3^ satisfy the second relation in (1.4), that is, 
Pkfil = 1. Indeed, from (3.5) and the first equality in (3.20), it follows that 

V* EVA - A*V*BV = iV*BVUU*V* BV, i.e., 

VAV^B - BiV*)-^^* = iVUWV*. (3.25) 

By the definitions (3.1) and (3.20) of A and V, the operator V AV~ X B 
is lower triangular and has the form DB + J* x 7(2;, u) • du. The operator 
B(V*)~ 1 A*V* is upper triangular. Hence, one can derive the kernel 7 of the 
integral term ofVAV~ x B from (3.24) an d (3.25). We get 

px 

(VAV- 1 f)(x) = Df(x)+ip(x) (3(u)*Bf(u)du. (3.26) 

Jo 
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By (3.26) it is immediate that 

VA = DV + i/3(x) [ (5(u)*BV-du. (3.27) 
Jo 

Rewrite (3.27) as the equality of the kernels of the corresponding integral 
operators: 

iD~^B + V(x, u)D + % I V(x,v)Bdv 

J u 

= DV(x,u)+iP(x)(p(u)*BD- 1 2 + j f3(v)*BV(v,u)dv). (3.28) 

J u 

When x = u, the equality of the main diagonals of the both sides of (3.28) 
implies fikftl = 1- 

Now, introduce the transfer matrix functions in the Lev Sakhnovich form 
[36,37,39]: 

WA (r, X) = I 2 - iUirySir)- 1 (A(r) - A7) _1 n(r). (3.29) 
The following lemma is essential for the solution of the inverse problem. 

Lemma 3.6 Let the conditions of Proposition 3.1 be fulfilled, and let the 
S-node be given by the formulas (3.1)-(3.4) and (3.6)-(3.9). Then we have 

^-w A (r, A) = i{3(rfB(\I m - D)~ l (3(r)w A (r, A). (3.30) 

Proof 

First, introduce several notations. Let Pi(r,S) and p2(r, 5) denote ortopro- 
jectors from 1/^(0, r + 5) on 1/^(0, r) and B 2 m {r\ r + 5), respectively. That is, 
let P 1 (r,5)f E L 2 m (0,r), P 2 (r,5)f G L^(r,r + 5), and 

(Px(r, 5)/) (x) = f{x), 0<x<r; (p 2 (r, 5)/) (x) = f(x), r < x < r + 6. 

(3.31) 
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For operators K acting in L^(0,r + 8) we put K jp := Pj(r, 5)KP p (r, 5)* 
(j,p = 1,2). In particular, we use notations 

T(u) := S(u)-\ T 22 := P 2 (r, 5)T(r + 5)P 2 (r, 5)*. (3.32) 

According to [36] (see also Theorem 2.1 from Chapter 1 in [39]) we have 

w A (r + 5,X) - w A (r,\) = -m(r + 5)*S(r + 5)- 1 (3.33) 
x (A 22 - A/)- 1 T 22 1 P 2 (r, S)S(r + S)' 1 ^ + S)w A (r, A). 

Using formula (3.23) and the first equality in (3.20), we rewrite (3.33) in the 
form 

w A (r + 5, A) - w A (r, A) = % f /3(x)*(Z s /3)(x)dxw A (r : A), (3.34) 

J r 

where the operator Z 5 E {L 2 m (r, r + 5), L 2 m {r\ r + 5)} is given by the formula 

Z s = BV(XI - A 22 )- 1 T 22 1 P 2 (r, 5)V*B. (3.35) 

It is easy to see that Zs — B(\I — D)" 1 is an integral operator, and we shall 
show below that the kernel of this operator is bounded: 

Zs = B(XI — D)~ l + / zs(x,u) ■ du, sup \\zs(x, u)\\ < oo, (3.36) 

J r 

where r < x, u < r + 5 < I. For that purpose notice that the kernel s(x,u) 
is continuous, and according to Section IV.7 [19] the kernel T r (x,u) is con- 
tinuous with respect to r, x, and u (x,u < r < I) too. Hence, the functions 
V(x, u) and (3(x) are continuous, and we also have 

sup \\s(x, u)\\ < oo, sup u)\\ < oo. (3.37) 

x,u<l x,u<r<l 

From the definition (3.32) we get 

^22 X = ^22 — 5'2l5'll 1 'S'l2, (3.38) 

and so, by (3.37) the kernel of the integral term of T 2 ~ 2 is bounded. In view 
of (3.16), for the /c-th entry of (A/ — A 22 ) -1 / we have 

((A/-^)- 1 /)^) (3.39) 
= (A - d^fix) + ib k (X - 4)" 2 J* exp ( '^""^ 
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and the kernel of (XI — A 22 ) _1 — (XI — D)^ 1 is bounded for any fixed A 
(A 7^ dk) too. Therefore, for Z$ given by (3.35) the formula (3.36) is true. 
Recall that f3 is continuous. Thus, from (3.34) and (3.36) it follows that 

lim 5- 1 (w A (r+5,X)-w A (r,X)) = tf3(ryB(XI m -Dr 1 f3(r)w A (r,X). (3.40) 
Quite similar one can prove that 

lim 5- 1 (w A (r,X)-w A (r-5,X)) = W B^-D)' 1 f3(r)w A (r, X). (3.41) 

By (3.40) and (3.41) equality (3.30) holds. □ 

Remark 3.7 It is easy to see that definition (3.29) implies lim r _> w A (r, A) = 
I 2 . Hence, the matrix function w A , which is treated in Lemma 3.6, is the 
fundamental solution of the system (1.2) corresponding to (3(x) = (V$)(x). 

4 Inverse problems: 

construction of the solution 

According to formulas (2.14), (2.23), and (2.24), one can choose a sufficiently 
large value M > 0, so that all the WT fe -functions (1 < k < m) are well- 
defined and bounded in the half-plane Q/j, < —M/A. 

Definition 4.1 The bounded matrix function 

<p(fi) = col[v?i(/i), y? 2 (/i), <p m (v)], (4-1) 

sup ||^)|| < oo, (4.2) 

3/x<-M/4 

where col means column, is called the Weyl function of system (1.2). 
One of our main results is the next theorem. 
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Theorem 4.2 System (1.2) satisfying conditions (1.3) and (2.1) is uniquely 
recovered from its Weyl function. To recover (1.2) on an arbitrary fixed 
interval [0, I] we use the following procedure. 



First, introduce the column vector function $2(x) (0 < x < 00) by the Fourier 
transform: 

That is, we define $ 2 on (0, /) and (0, 00) via norm limit l.i.m. in L™: 

* 2 (a0 = ^e-^Li.m.™ ^ ^V^y? (f ) <£■ (4-4) 
Here the right-hand side of (4-4) equals for x < 0. 

iVex£, substitute §2{x) into formulas (3.7)- (3. 9) to introduce operator S G 
{L 2 m (0,l), L 2 m (0,l)} of the form (3.6). Apply formulas (3.20)-(3.22) to re- 
cover operator V from the operators S{r) = P r SP* (r < I). Then, the matrix 
functions (3 k (x) and therefore, system (1.2) is recovered by the formula (3.23), 
that is, j3(x) = V[§i(x) § 2 (x)}, where $! is given by the first relation in 

(3-4)- 
Proof 

Step 1. Let system (1.2) satisfy conditions (1.3) and (2.1) and let if be the 
Weyl function of system (1.2). According to the inequality (4.2), the vector 
function $2 is well-defined by (4.3) and does not depend on the choice of 
rj < — So, we can fix some r] < To show that $2 is absolutely 

continuous, introduce functions 



^ k ^> := 01 TTTTi G -^W. VWJ = -s-Trrrr , \ ^77- 4.5 

2MZ,/i) M0)M») + Pki(0) 

By (2.8) and (2.12) we have 2t(/, / u) = Q k (0)W k (l, Ji)*. Hence, by Theorem 
2.3 the matrix function ip k admits representation 

Mn) = J ^ l+ ^N k21 (l,u)du + gM, (4.6) 
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where d k2 2 is the corresponding entry of the diagonal unitary matrix D k , N k21 
is an entry of the bounded matrix function N k , and the function gi{( + irj) € 
00, 00) fl 00, 00) with respect to the variable (. (Recall that L°° 

is the space of bounded functions.) Taking into account (2.23) and (2.25), 
without loss of generality we can assume 

M 



\M0)M») + M0)\ >e>0, $fn< -—. (4.7) 
In view of relations (4.5)-(4.7) we get 

MO) , |/3 fc i(0)| 2 -|/3 fc2 (0)| 2 ?/ . , ( . 

where g 2 (C+^?) £ 00, oo)nL°°(— 00, 00). Finally notice that uniformly 
for x on the intervals [5, I] we have 



lim 

a— >oo 2,7V 



i f a M 

-J /i-V^C = -l (li = C + iv, V<~ Y )- ( 4 - 9 ) 
From (4.6), (4.8), and (4.9) it follows that the function 

S»(*):=£/V^(f)* (^ = C + ^, ij<-y), (4.10) 



is absolutely continuous and 

sup \$' k2 (x)\ < 00. (4.11) 

0<x<l 

Next, we shall show that 

®k2(x) = <$> k2 (x) for < x < I, (4.12) 

where <3> fc2 denotes the fc-th entry of the C m - valued vector function $ 2 . The 
proof of (4.12) requires some considerations. According to the definitions 
(2.24) and (4.5) of (p k and (p k , respectively, we have 

M ») - $m = -^i (o)|a + \^miM - ^ . (4.i3) 

(Mo)Mri + Ai(o)) {Mo)Mri + ^(0)) 
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In view of (2.23), (2.25), and (4.7), formula (4.13) implies for some C, M > 
that 

WM-$M\<C{l)e 2 ^\ V <-M(l)<~ fa = C + iri). (4.14) 

Taking into account (4.2) and (4.14), one can see that functions /i~Vfc (f) 
and [i~ l (f>k (f) are holomorphic in the half-plane 77 = %t < —2M(l) and 
belong to L 2 (— 00, 00) with respect to ( — for any fixed r] < —2M(l). 
Therefore, according to Theorem V [27] these functions admit Fourier repre- 
sentations 

V* (§) = 1-i-m.o-oo jT e-^e 2 ^f(x)dx, f E L 2 (0, 00), (4.15) 

lT x (p k (|) = Li-m.™ J\-^ x e 2 ^f(x)dx, fe L 2 (0,oo). (4.16) 

Using Plansherel's theorem and formulas (4.3) and(4.10), we express f(x) and 
f(x) in (4.15) and (4.16) via Q k2 (x) and $ k2 (x), respectively, and obtain: 

-<Pk (£) = r ' e***n(x)dx, e- 2xS $ k2 (x) E L 2 (0,oo), (4.17) 
H Jo 

-(Pk (%) = f°° e-^ k2 (x)dx, e- 2x ^ k2 (x) E L 2 (0,oc). (4.18) 
Consider now the entire matrix function 

YM = J' e-^{^ k2 {x)-^ k2 {x)y x = J* (® k2 {x) - $ fe2 (x))rfx. 

° ° (4.19) 

From (4. 17)- (4. 19) it follows that for \i = ( + irj, rj < —2M we have 

IWI < e^-^^ k2 {x)\ + \^ k2 {x)\)dx + e^ 1 l -(tp k (|) -tp k (|) ) 

(4.20) 

Recall that $ fc2 , $fc2 e L 2 (0, 00). Hence, from (4.14) and (4.20) we derive 
sup |r (/i)|<oo (e>0), lim \Y {y)\ =0 ( A t = C + ^)- (4-21) 



20 



By the definition (4.19) and by the first relation in (4.21), the entire functon 
Y Q is bounded in C. So, in view of the second relation in (4.21) we have 
Y = 0, and equality (4.12) is immediate. 

From (4.11) and (4.12) we get the second relation in (3.4). Therefore, II 
satisfies the conditions of Proposition 3.1, and the S'-node and the operator 
V in our theorem are well-defined. As the conditions of Propositions 3.1 
and 3.4 are satisfied, the matrix function /3(x) = (V<&)(x) is well-defined and 
unique. To prove the theorem means to prove the equalities 

j3 k (x)*p k (x)=l3 k (x)*l3 k (x) (l<k<m). (4.22) 



Step 2. By (4.10), taking into account (4.6), (4.8), and (4.9), we have 



J —a 



e vx ® k 2(x) e L 2 (0,oo) nL°°(0,oo), rj < 



M 



(4.24) 



Introduce a 2 x 2 matrix function: 



exp{-2ir/i} Vfc(/-0 
1 



(4.25) 



First, let us show that for r < I and for sufficiently large M the inequalities 
sup \\w A (r, A(yu))Qi(yu) || < oo, sup \\w A (r, A(//))fi 2 (/^)|| < oo 

Q^<-M/4 %t<-M/4 

(4.26) 

are true. Indeed, by Lemma 3.6 w A satisfies system (1.2), where we substitute 
$k instead of f3 k . Hence, for sufficiently large M we get 

^ ((exp{-2*r(/i - Ji)})w A (r, X)*w A (r, A)) (4.27) 

= exp{-2ir(/j - Jl)}w A (r, A)* (4 V (l 2 - &(r)*&(r)) + g 3 (r, \fjw A (r, A), 
A = A(/i), g 3 (r,X)<CI 2 (r j = Qt f ji<-M/4), 
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for some C > 0, which does not depend on r. As r)(I 2 — /3 k (r)*/3 k (r)) < 0, 
formula (4.27) implies 



sup || exp{— 2irfi}wA(r, A) || < oo, 

9f/i<-Af/4 



(4.28) 



that is, the first inequality in (4.26) holds. Next, let us prove that 

< oo (r < I). (4.29) 



sup 1 1 11^(7-, A) 

S^<-M/4 



1 



For that purpose consider wa again and notice that from the operator identity 
(3.18) and definition (3.29) it follows [37] that 

w A (r,\)*w A (r,\) (4.30) 
= h- i(X - X)U{r)*(A(r)* - Xl) ^ S '(r)- 1 (A(r) - A/) _1 n(r). 

By (3.4) and (3.16) we derive the equality: 



(A k (r)-Xl) ^ $ fe2 ] = -2b k pte 2i ^ 



1 $ 



A-2 



(0) + f 
./o 



e - 2 ^$' fc2 («)rf M 



(4.31) 

which helps to estimate the right-hand side of (4.30). According to (4.18) 
and (4.24) the equality 

/•OO 

(p k (pi) = -$ fc2 (0) - / e- 2 ^' k2 (u)du (4.32) 
Jo 

is true. In view of (4.12), (4.31), and (4.32) we have 

(A k (r) - Xiy'u, \ ^ 1 = 2b kf ie 2 ^ f°° e- 2 ^ u $' k2 (u)du. (4.33) 
By (4.24) and (4.33) for sufficiently large M we get 



(A k (r)-Xl) 'n fc 



1 



<C(r)\iM/r,\. 



(4.34) 



Moreover, for sufficiently large M the functions <fk(fi>) an d resolvents (A p (r) — 
^-0 1 (p 7^ k) are uniformly bounded in the domain ^s/j, < — M/4. Therefore, 
the inequalities (4.34) imply 



(A(r)-AJ) 'n 



1 



<C x {r)\p/ri\. 



(4.35) 
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Notice that for A = d k + |^ we have |A — A| = — rf\fx\ 2 . Hence, from (4.30) 
and (4.35) follows (4.29). 

By (4.5) we have 

(W)iM+fe(0)) 4 . (4.36) 

Substitute (4.36) into (4.29) and use (2.14) to derive the second relation in 
(4.26). Thus, (4.26) is valid. 

Now, let us show that 

sup \\w(r, \{fi))Q{fi)\\ < oo. (4.37) 

Qn<-M/4 

Here, the inequality 

sup || exp{— 2ir[i}w(r, A)|| < oo, A = A(/i) (4.38) 

3^<-M/4 

is proved similar to (4.28). 

As ip of the form (4.1) is the Weyl function, so satisfies (1.8). The in- 
equality 

sup \\w(r, A) 

%t<-M/4 

follows for sufficiently large M from (1.8), (4.14), and (4.38). In view of 
(2.14) and (4.36), formula (4.39) yields 

sup \\w(r, A)fi 2 (A0|| < oo. (4.40) 

Qyi<-M/4 

By (4.38) and (4.40) inequality (4.37) is valid. 

Step 3. Here, using (4.26) and (4.37) we shall show that 

sup ll'U^r, \)w(r, A)" 1 )) < oo. (4-41) 

|%t|>M/4 
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1 



Q(oy 



4>M 
l 



i 



< oo (r < I) 



(4.39) 



First, taking into account (2.2) and (2.20), we obtain 

w(r, A)Q(O)* = e^Q(ryW(r, /i)Q(O)* = Q(r)*D k (r)di ag {e 2 ^, 1} + «? 4 (//), 

(4.42) 

where the 2x2 matrix function g 4 (£ + irj) belongs L 2x2 (— 00 > 00 ) f° r eacn 
fixed 77 < — M/4, that is, the entries of g 4 belong L 2 . According to (2.14) and 
(4.6) the function + irj), where 77 < —M/4, is bounded and belongs to 
L 2 (— 00, 00) with respect to (. Therefore, formulas (4.25) and (4.42) imply 
that for rj < —M/4 we have 

w(r, A)fi(/i) = Q(r)*D k (r) + g 5 (fi), g 5 (( + irj) e L 2 2x2 (-oo, 00). (4.43) 

After some evident change of variables in Theorem VIII from [27], by (4.37) 
and (4.43) we can apply it to w(r, A)f2(/i) — Q(r)*D k (r). That is, we derive 
for 7] < —M/4 the representation 

POD 

w(r, AM//) = Q(r)*D k (r) + / e~^f{x)dx, e^f(x) e L 2 2x2 (-oo, 00). 

Jo 

(4.44) 

In view of (4.26) and (4.44) for sufficiently large M we have 

sup ||uu(r, \)w(r, A) _1 || < 00. (4.45) 

%i<-M/4 

According to (1.6) and Lemma 3.6 the equalities 

w(r,\y = w(r,\)-\ w A (r,X)* = w A (r, A) -1 (4.46) 
hold. In particular, we have 

— ^ =— = det w(r, A), - 1 = det w A (r,\). (4.47) 

det w (r, A) * det w A [r, A) * 

Recall also that w and w A are 2x2 matrices, and so (4.46) and (4.47) yield 



w(r,X) = (w{r,X)*) 1 = ( det w(r, X))jJw(r, \)Jj (4.48) 



w A (r,X) = ( det w A (r, A)) jJw A (r, A) Jj. (4.49) 
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Here we put n — 1 in the definition of J, that is, 

J = 

From (1.3) and (1.6) it follows that 



"01" 




' 1 


_ 1 _ 


, 3 = 


.0-1 



(4.50) 



«y Tr(y^fe fc (A - d k )~ 1 (3 k {x)*f3 k {x))dx 

m 

= exp(ir ^& fc (A-d fc ) _1 ), (4.51) 
k=i 

where Tr means trend. In a similar way from Lemma 3.6 and Remark 3.5 
we get 

m 

det w A (r, A) = exp (ir ^ b k (\ - c4) _1 j . (4.52) 



k=l 



Finally, substitute (4.48)-(4.52) into (4.45) to obtain 

sup \\w A (r, \)w(r, X)^ 1 ]] < oo. 

$S(i<-M/4 



(4.53) 



Using (1.7) one can see that inequalities (4.45) and (4.53) imply (4.41). 

Step 4. Taking into account (1.6), (1.7), (4.46), and Lemma 3.6, it is easy 
to see that for 

K(r,fi) :— w A {r, A(/i))w(r, A(//)) _1 (4.54) 

we have 



lim R ^oor^ lnln su p \\ K ( r ^)\\ ^ l - 



'\nR 



\H\=R 



(4.55) 



In view of (4.41) and (4.55), we can apply to K(r,fi) the Phragmen-Lindelof 
theorem. Thus, we see that ||-K"(r, fj)\\ is uniformly bounded for sufficiently 
large \(\ on the strip \r)\ < M/4. Using this and inequality (4.41), we have 



sup \\K(r, fj)\\ < oo 

H>Ml 



(4.56) 



for some Mi > 0. 
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Let us switch to the variable A. From (1.7), (4.54), and (4.56) we derive that 

K(r, A) := w a(t, X)w(r, A)" 1 

is bounded in the deleted neighborhood of A = d^. That is, by Theorem 
11.4 from [40] the matrix function K(r, A) is holomorphic at A = d^. Since 
k (1 < k < m) is arbitrary, K(r, A) is an entire function with respect to the 
variable A. Moreover, it easy to see that 

lim wa{t, A) = lim w(r, A) = lim wa{t, X)w(r, A)" 1 = I2. (4.57) 

A— >oo A^oo A^oo 

By Liouville's theorem, it follows from (4.57) that the entire function waw' 1 
is constant, that is, 

wa(t, A) = w(r, A) (0<r<Z). (4.58) 
Identity (4.58) implies (4.22). □ 

The construction of the solution of the inverse problem, which is described 
in Definition 2.5, is given below. 

Theorem 4.3 Let a vector function ip(fj) be holomorphic in the half-plane 
Qyx < — ^ and admit there an asymptotic representation 

<p(fj) =a + — + of-V), 3/i <-^, fi^oo. (4.59) 

T/ien ip is a Weyl function of the unique system (1.2) satisfying conditions 
(1.4) and (2.1). 

To recover (1.2) on an arbitrary fixed interval [0, I] one can use the same 
procedure as in Theorem 4-2. First, introduce the column vector function 
$ 2 (^) (0 < x < oo) by the Fourier transform (4-3) or, equivalently, (4-4) ■ 
Here the right-hand side of (4-4) equals for x < 0. 

Next, substitute ^(a^ into formulas (3.7)-(3.9) to introduce operator S G 
{L 2 m {0,l), L 2 m {0,l)} of the form (3.6). Apply formulas (3.20)-(3.22) to re- 
cover operator V from the operators S(r) = P r SP* (r < I). 
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Then, the matrix functions 0k( x ) an d therefore, system (1.2) is recovered 
using the formula (3.23), that is, j3(x) = V[$i(x) $ 2 (x)] ; where $1 is given 
by the first relation in (3.4). 

Proof 

Step 1. Let us show that the potential f3 — V[$i $ 2 ] is differentiable and 
relations (1.4) and (2.1) hold. 

According to (4.9) and to the asymptotic relation (4.59), the vector function 
$2 is well-defined by (4.3) and does not depend on the choice of i] < — 4^- 
So, we can fix some r/ < — 4r. Moreover, one can easily see that ^ 2 (x) is 
twice differentiable and e^&^x) G L 2 m (0, oo). Therefore, the matrix function 
s(x,u) given by (3.8) and (3.9) is continuous. So, T r (x,u) given by (3.22) is 
continuous with respect to r, x, and u [19]. 

The product of the right-hand sides of the first equality in (3.6) (for / = r) and 
of the formula (3.22) equals I m , which can be written down as the equality 



s(x,u)BD~ 1 + BDT r (x,u) + s(x,t)T r (t,u)dt = (x,u<r) (4.60) 



for the kernels of the integral operators. In view of the continuity of s and 
T r , equality (4.60) is true pointwise. Changing the order of multiplication of 
the right-hand sides of (3.6) (for / = r) and (3.22) we get also 



BD- l s(x,u)+T r (x,u)BD+ T r (x,t)s(t,u)dt = (x,u<r). (4.61) 



p{r) = £H[$x(r) <5> 2 (r)] + BD^ T r (r,«)[$i(u) $ 2 (u)]du. (4.62) 





From (3.20), (3.21), and (3.23) it follows that 




Using (4.60)-(4.62), one can show that 



j3'(r)=D-*[0 & 2 (r)] + BD^(Y 1 + Y 2 + Y 3 ), 



(4.63) 
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where 



Yi = T r (r, r)<E>(r), $(r) = [$x(r) $ 2 (r)], (4.64) 
y 2 = -T r (r,r) (stf^sfa r))* (4.65) 

F 3 = -B^ 1 1 (Sirr'-^s^u^y^dx, (4.66) 

and S^r)" 1 is applied to the matrix functions columnwise. 

Indeed, let us prove that 

-f- / T r (r, u)$(u)<ftz = + Y 2 + F 3 . (4.67) 
dr Jo 

It is immediate that for 5 > we have 

/ T r+ s(r + 5, u)Q{u)du — I T r (r,u)<&(u)du 
Jo Jo 

/r+5 rr 
T r+S (r + 5,u)§(u)du + J \T r+s (r + 5,u) - T r+s (r,u)J§(u)du 

+ (T r+5 (r,u)-T r (r,u)^(u)du. (4.68) 



As T r (x,u) is continuous, we get 

rr+5 



/r+d 
T r+S (r + 5, u)$(u)du = Y x . (4.69) 

Substitute r + 5 instead of r into (4.60) to obtain the equality 

~_ rr+5 

s(x,u)BD~ 1 + BDT r+ s(x,u) + / s(x, t)T r+ s(t, u)dt = 0, 

io 

which can be rewritten as 

^ pr+S 

S(r)T r+s (x,u) = -s(x,u)BD- 1 - / s(x,t)T r+s (t,u)dt (4.70) 

</ r 
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for all fixed values of u (u < r). According to (4.70) we have 

T r+S (x,r + 5) - T r+5 (x,r) = -S^r)^ 1 (^(s(x,r + 5) - s(x,r))BD^ 1 

+ J s(x,t)(T r+ s(t,r + 6)-T r+s (t,r)yij. (4.71) 



Recall that $ is twice differentiable. Hence, for u > r and x < r the matrix 
function s(x, u) is differentiable with respect to u and ■§^s{x ) u) is continuous 
with respect to x and u. Therefore, formula (4.71) implies 

lim \\5~ 1 (T r+S (x, r + S)- T r+S (x, r)) + S^-j^six, u) \ U= BL)- 1 \\ L , = 0. 

(4.72) 

Here ||X(:r) || L 2 denotes the maximum of the norms in £^(0, r) of the columns 
of the matrix function X. Take into account that T = T*, and thus T r (x, w) = 
T r («,a:)*. So, it follows from (4.66) and (4.72) that 

lim^ 1 / (T r+5 (r + <5,x) -T r+5 (r,x)Wx)dx = Y 3 - (4.73) 
In a similar to (4.71) way, by (4.60) and (4.70) we have 

rr+6 

T r+S (x, r) - T r {x, r) = -Sir)- 1 / s(x, t)T r+s (t, r)dt. (4.74) 

J r 

From (4.74) it follows that 

lim <T 1 / (T r+5 (r, x) - TJr, x))$(x)dx = Y 2 . (4.75) 
According to (4.68), (4.69), (4.73), and (4.75) we get 

limr 1 ^ J T r+S (r + 5,u)$(u)du - J T r (r,u)^(u)duj =Y 1 + Y 2 + Y 3 . 

(4.76) 

Using (4.61), in a similar way one obtains 

lim (T 1 ( J T r (r, u)®(u)du - J T r _ 5 (r - 5, u)^(u)duj =Y 1 + Y 2 + Y 3 . 

(4.77) 
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From (4.76) and (4.77), the equality (4.67) is immediate. Finally, by (4.62) 
and (4.67) we have (4.63). 



In view of (4.63)-(4.66), /3 is differentiable and the first relations in (1.4) are 
valid. According to Remark 3.5 the second relations in (1.4) are fulfilled too. 
By (4.62) we have (3(0) = /}~5$(0) and so, taking into account (3.4), we get 

/?fci(0) = (l + |$fc2(0)| 2 )~ 5 7^ 0, that is, the inequalities (2.1) are true. 

Step 2. Now, let us show that the matrix function j3, which is constructed 
using (3.23), provides the solution of the inverse problem. In view of Defi- 
nition 1.1, Lemma 3.6, and Remark 3.7 it will suffice to show that for r < I 
and 1 < k < m we have 



sup 

3^<-M/4 



w A (r, A) 



1 



< oo, A = dk + 



2/x" 



(4.78) 



Taking into account (4.59) one can see that the vector function fi~ 1 f (^) is 
holomorphic in the half-plane i] = S/i < — 4^ and belongs to L 2 m (— oo, oo) 
with respect to £ = 9fyt for any fixed i] < — 4^-. Therefore, similar to the 
proof of Theorem 4.2 we apply Theorem V from [27] and derive: 

VT\ (|) = li.m. a ^ 00 j\-^e^ M f(x)dx, f G L^(0,oo). (4.79) 

Using Plansherel's theorem and formula (4.3), we express f(x) in (4.79) via 
$ 2 (x) and obtain: 



( l ^ 2 (x)dx, e- 1 2 xM ^ 2 (x)eL 2 m (0,oo). 



(4.80) 



It follows also that the right-hand side of (4.4) equals for x < 0, as stated in 
the theorem. The equality in (4.80) is true pointwise. Recall that according 
to (4.59) and (4.3), $ 2 is differentiable and e" u $ 2 (u) G L 2 m (0, oo) for r] < -f . 
Hence, we rewrite (4.80) as: 

<p (pt) = -$ 2 (0) - / e' 2l ^ u ^ 2 {u)du. (4.81) 
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Without loss of generality we shall choose M for the half-plane rj < — M/4, 
where (p(fj) is treated, so that 



( exp (e- — )«W 2 (u) E L 2 m (0, oo), M > 4 max \d p — dj\~ x , (4.82) 

(4.83) 

In view of (3.10), (4.31), and (4.81) we have 



sup HvKaOII < °°- 

r]<-M/4 



(A k (r)-\I) X n fc 



i 



/•oo 

2b k fie 2tlix / e- 2i " tt $' fc2 («)du. (4.84) 



By (4.84) and the first relation in (4.82) we get 



(A k (r) - XI) % 



i 



<C(r)M/VN- 



(4.85) 



By the second relation in (4.82) the inequality |A — d p \ > \d k — d p \/2 is true 
for p 7^ k, A = d k + and < —M/4, that is, the resolvents [A p {r) — A/) 
(p 7^ fc) are bounded. Therefore, the inequalities (4.83) and (4.85) imply 



(A(r)-Xl) X U 



i 



(4.86) 



As |A - A| = -r?|/i|- 2 , from (4.30), (4.83), and (4.86) the inequality 



sup[y? fc (/i) l]w A (r,X)*w A (r,X) 



i 



< oo 



is immediate. Thus, (4.78) is valid, and the solution of the inverse problem 
can be obtained via (3.23). 

The uniqueness of the solution of the inverse problem is stated in Theorem 
2.6. □ 



In a way similar to [34,35], the procedure to solve the inverse problem grants 
also a Borg-Marchenko-type theorem. 
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Theorem 4.4 Let the C m -valued vector functions ip(/i, 1) and ip(/i, 2) be 
holomorphic in the half-plane Qyx < — M/4 (M > 0) and satisfy (4- 59). 
Suppose that on some ray cS/i = 9fyi (c = c, S/i < —M/4) we have 

MM)" 2) || =e" 2 ^0(l) for |/x| ^ oo. (4.87) 

Then ip(fi,l) andy?(/i,2) are Weyl functions of systems (1.2) with potentials 
(3(x, 1) and f3(x, 2), respectively, which satisfy (1-4), (2-1) and the additional 
equality 

/3(x,l) = /3(x,2) (0<x<l). (4.88) 

Proof 

According to Theorem 4.3 the functions </?(/x, 1) and </?(/x, 2) are Weyl func- 
tions of systems (1.2) with potentials (3(x, 1) and (3(x,2), which satisfy (1.4) 
and (2.1). Denote by Q 2 (x, j) the matrix function generated via (4.3) by 
( p(l I jj) (j = 1)2), and introduce the matrix function 

v{n):= J (exp2i^(Z-u)))($ 2 (u,l)-$ 2 («,2))du. (4.89) 

Next, we shall show that i/(/x) = 0. Indeed, in view of (4.81) and (4.87) it is 
immediate that $ 2 (0, 1) = $ 2 (0,2). Hence, from (4.81) and (4.89) we derive 

u{n) = e 2 ^(^(/i,2)-v9(/i,l))+ J (exp2tiM(l-u))($ 2 (u,l)-<S> 2 (u,2)yu. 

(4.90) 

It is immediate from (4.89) that is bounded on the line ^s/j, = —M/4. 

Using (4.87) and (4.90) we see that ||^(//)|| is bounded on the ray c$s/i = 9fyt 
(Qyx < —M/4). Thus, by the Phragmen-Lindelof theorem ||^(/x)|| is bounded 
in the half-plane S/x < —M/4. Moreover, by (4.89) ||^(/i)|| is bounded for 
S/i > —M/4, that is, z/(/i) is an entire function bounded on C. Therefore, 
v{n) is a constant. As lim^oo = 0, so we obtain z/(/i) = 0, that is 

$ 2 (x,i) = $ 2 (x,2) (0<x<l). (4.91) 

By the procedure to solve the inverse problem (see Theorem 4.3) formula 
(4.91) implies (4.88). □ 
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5 Weyl set 



Condition (2.1) is not necessary in the considerations of Sections 2, 3 and 4. 
Taking into account the identity in (1.3), one can choose two sets of natural 
numbers Ni and N 2 , so that 

/M0)^0 for keN u /3 fc2 (0)^0 for k e N 2 , (5.1) 

AqniV 2 = 0, N 1 UN 2 = {1,2, ...,m}. (5.2) 

The procedure to solve the inverse problem is easily modified for that case. 
Such a modification is discussed below. We also introduce a notion of the 
Weyl set, and the system (1.2), which satisfies (1.3), is recovered from its 
Weyl set. 

Definition 5.1 The set x of the pairs 

x = {0k(P),MfJ.)\l<k<m}, (5.3) 

where ipu is given by (2.18), is called a Weyl set of the system (1.2), which 
satisfies (1.3). 

If the functions ipk i n the Weyl sets x and x coincide and the vectors /3fc(0) 
and /3fe(0) in x and x, respectively, satisfy the equalities /3fc(0) = Ckf3k(0), 
\ck\ = 1 (1 < k < m), we say that x = x, as x and x correspond to the 
same system. After we exclude this arbitrariness, the Weyl set is uniquely 
defined by system (1.2), (1.3). (See the construction of in Section 2 and 
the proof of Theorem 2.2 in [26].) 

The next lemma is proved in a quite similar way to Lemma 3.6. 

Lemma 5.2 Let the S-node be given by the formulas (3.1)- (3.3) and (3.5), 
where 

$ fel (x) = l, $' fe2 (x) EL 2 (0,l) for keN u (5.4) 
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<$> k2 {x) = 1, $' fcl (x) G L 2 (0,l) for fc G iV 2 . (5.5) 

Define the reductions A(r), S(r) and H(r) (r < I) of the operators from this 
S-node in the same way as it was done after Remark 3.2 in Section 3. 

Then wa of the form (3.29) satisfies (3.30), where (3 is given by (3.23) and 
the operator V in (3.23) is obtained via (3. 19) -(3. 22). 



Remark 5.3 The operator S is uniquely recovered from the operator identity 
(3.5), the corresponding formulas from Proposition 3.1 are easily modified for 
the more general case (5.4), (5.5). 



In view of Lemma 5.2, the proof of the next theorem is similar to the proof 
of Theorem 4.2. 



Theorem 5.4 Let system (1.2) satisfy conditions (1.3) and let Ni and N 2 
be chosen so that (5.1) and (5.2) hold. 

Then, system (1.2) is uniquely recovered from its Weyl set. To recover (1.2) 
on an arbitrary fixed interval [0, 1} we use the following procedure. 

First, the entries of the column vector functions <&i(x) and $ 2 (x) (0 < x < 
00) are introduced by the equalities: 

$ kl (x) ee 1, <$> k2 (x) = ±- j°° //-V> fe (|) d( for A; G N i; (5.6) 

*ki(x) = ^ IJ.-^fa (|) d(, ^ k2 (x) = l for k G N 2 ; (5.7) 
WM~^M ^uMfol+M (5.8) 

' faWMri + Mo) Mo)Mt*)-Mo) 

where /i — £ + irj and —r\ > is sufficiently large. 
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Next, we introduce the S-node by formulas (3.1)- (3. 3) and (3.5). The oper- 
ator S has the form (3.6), where the definition (3.7) of D is modified: 

D = D 1 + D 2 , D p = diag{|$ lp (0)| 2 , |$ 2p (0)| 2 , . . . , |$ mp (0)| 2 } (p = 1, 2). 

(5.9) 



Finally, we put 



fa) 



(V$)(x) (0<x<l), 



(5.10) 



where the operator V is obtained via (3. 19) -(3. 22). 



The equalities 



h{xYh{x) = Pk{xYP k {x) (l<k< m). 



(5.11) 



are valid, that is, system (1.2) is recovered by the procedure, which is described 
above. 



6 Sine-Gordon equation 



The initial value problem for the sine-Gordon equation in the light cone 
coordinates co xt = sin to (co x := j^to) was treated in [1]. The initial value 
problem (with initial conditions tending to zero) for the sine-Gordon equation 
in laboratory coordinates 

u xx - u tt = sin a; (6.1) 

was investigated by Faddeev, Takhtajan and Zakharov (see [44] and further 
references in [13]). Notice also that the Goursat problem for the equation 
u xt = sin u, which is treated on the characteristics t — and x = — oo in [20], 
is equivalent to the Cauchy problem for equation (6.1). In this section we 
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consider (6.1) under boundary conditions ou(0, t) = 0J (t) and cu x (0, t) = oui(t). 
(The boundary value problem is clearly equivalent to the initial value problem 
after the change of variables and the change u — > u + ir.) We do not require 
that uj tends to zero and only the boundedness of u x and u t is needed. 

Equation (6.1) admits a zero curvature representation 

G t (x, t, A) - F x (x, t, A) + G(x, t, X)F(x, t, A) - F(x, t, X)G(x, t, A) = 0. (6.2) 
We can modify the auxiliary systems 

w x (x,t, X) — G(x,t, X)w(x,t, X), w t (x,t, X) — F(x,t, X)w(x,t, X), (6.3) 
so that they have the form (1.2). Namely, put 

2 

G(x, t,X)=tJ2h(X- d k y l (f} k {x, t)*p k (x, *)) , 
k=i 

di = -d 2 = 1, b 1= b 2 = 1, (6.4) 

2 

F{x, t,X)=iJ2h(X- d k y l (f} k (x, t)*p k (x, t)) , 

d x = -d 2 = 1, 6i = -b 2 = 1, (6.5) 

where 

lh{x,t) = ±[l ze^ 2 }q(x,t), P 2 (x,t) = ^=[l ie^'M^t), 

(6.6) 

the 2x2 matrix function q satisfies the equations 

q x (x,t) = G(x,t)q(x,t), q t (x,t) = F(x,t)q(x,t), g(0,0)=/ 2 , (6.7) 

and J, j are given in (4.50). It is easily checked that the sine-Gordon equation 
(6.1) is equivalent to the compatibility condition Gt — F x + GF — FG = of 
the equations (6.7). Moreover, direct calculation shows that relations (6.6) 
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and (6.7) imply (6.2), which is the compatibility condition for (6.3). Thus, 
if (6.1) holds, equations (6.3) are compatible. 

Introduce the 2x2 matrix functions Z(x,t, A), 

Z(t,X) := Z(0,t, A) = {Zij(t, \)} 2 i:j=1 , and Y(x,t, A) = {Y^x, t, A)}? J=1 

by the equations 

y x (x, t, A) = G(x, t, X)Y(x, t, A), Y(0, t, A) = J 2 ; 

Z t (x,t, A) = F(a;,f, \)Z(x,t, A), Z(x, 0, A) = J 2 . (6.9) 

The matrix functions Qk(x,t) (k = 1,2) are connected with /3k(x,t) by the 
equalities (2.3). According to (2.3) and (6.6)-(6.8) the boundary conditions 

w(0, t) = w (t)» = (-00 < t < oo) (6.10) 

uniquely define F(0, t), q(0, t), (3k(0, t) and Qk(0, t). If we recover also ipkit, fi) 
for each — oo < t < oo, we have a Weyl set for each t. First, we recover 
F(0,t,X) and Z(t,X), using formulas (6.5) and (6.9), and put 

U k (x,t,n) :=exp{{-l) k itfi}Q k {x,t)Z{x,t,X)Q{x,Oy, fi = (2(A - 

(6.11) 

f/ fe (t, //) = {u jp (t, /i, fc)>5 ;p=1 := C/ fc (0, t, /i). (6.12) 
The matrix functions Uk(t,fi) are uniquely recovered from (6.10) too. 

Theorem 6.1 Let the function u(x,t) have continuous second derivatives 
in the semi-plane x > and satisfy the sine-Gordon equation (6.1) and 
boundary conditions (6.10). Assume also that 

s\xp{\uj x {x,t)\ + \oj t (x,t))\) < oo. (6.13) 

x>0 

Then, cosuu(x,t) (x > 0) is uniquely recovered from (6.10). For this purpose 
construct Uk(t,/i) (k = 1,2) using (6.5)-(6.12). There is M 1 > 0, such that 
for —Qfi > Mi we have 

^i0,/i=-hm -, ifj 2 {0, fi) = - hm — . 6.14 

t-xx Uu(t, fJ,, 1) t->-oo Un(t, f/,,2) 
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The functions ip k (t, fi) are given by the formulas 

^ = u u (t, fi, k)j> k (0, fi) + u 12 (t, fi, k) ^ 

U 2 l(t, fi, fc)^fc(0, fi) + U 2 2(t, fi, k) 

By formulas (2.3), (6.6)-(6.8), (6.14) an d (6.15) we recover the Weyl set for 
each t. Finally, we recover the functions fi k (x,t) (up to factors c k (x,t) such 
that \c k \ = 1, Cfc(0,t) = 1 ) using Theorem 5.4- It follows that 

coscu(x,t) = 2p 1 (x,t)p 2 (x,t)*p 2 (x,t)p 1 (x,t)* - I. (6.16) 



Proof 

Step 1. In this step we shall prove (6.15). Note that as u has continuous 
second derivatives, so according to (6.4)-(6.8) the matrix functions G and F 
are continuously different iable. Therefore, the formula (1.6) on p. 168 in [39] 
implies: 

Y(x, t, A) = Z(x, t, X)Y(x, 0, X)Z(t, A) -1 . (6.17) 
By (1.6), (2.4), and (6.9) we have w(x,t,X) = Y(x,t,X), 

Q(x,t)* =Q(x,t)-\ Y(x,t,X)* =Y(x,t,X)- 1 , Z{x,t,X)* = Z(x,t,X)-\ 

(6.18) 

Hence, taking into account (2.2) and (2.12) we have 

2l(r, t, fi) = e ir »Q(0, t)Y(r, t, X)*Q(r, t)* . (6.19) 
From (6.11), (6.12), (6.17), and (6.19) it follows that 

a fc (r, t, fi) = U k (t, fi)% k {r, 0, fi)U k (r, t, fi)' 1 . (6.20) 
In view of (6.9) and (6.11) it is easy to see that 

jU k {r,t,fi) = (6.21) 
+ (-l) fc *Q fc (r, t / p(r f_^ r,t) Q k (r, t)*) U k (r, t, fi), 
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where k and p take values 1 and 2, p ^ k. According to (6.7) and (6.8) the 
equalities §- t {q*q) = and -^(q*q) = are true and g(0,0) = I 2 . Therefore, 
it is immediate that q is unitary: 

q(x,t)*q(x,t) = I 2 . (6.22) 

By (6.6)-(6.8), (6.13) and (6.22) we have 
d 

sup ||— /3 k (x,t)\\ < oo (x > 0, -oo < t < oo), k = 1,2. (6.23) 

Taking into account (6.21) and (6.23), in a way similar to the proof of (2.11) 
we derive 

(-l) k+1 -^(u k (r,t,fx)*jU k {r,t,fx)^ > (i(fx-]l)-M)U k {r,t,fx)*U k (r,t,fx)>0 

(6.24) 

for some M > and %t < -M/2. From (6.24) it follows that 

U 1 {r,t,n)*jU 1 {r,t,n)> j fort > 0; U 2 (r,t, fx)*jU 2 (r,t, fx) > j fort < 0. 

(6.25) 

From the first inequality in (6.25) we have (Ui(r, t, fx)*) jU±(r, t, fx)' 1 < j, 



9(fx) 
1 



< for t > 0, |0| < 1. 

(6.26) 



[9(h)* ljiU^fi)*) 'jU^fx)' 1 

In a similar way, from the second inequality in (6.25) we derive 
[6(fx)* l^Uzir^fxyy'jUiir^fx)- 1 

By (6.26) and (6.27) we obtain the inequalities 



9(fx) 
1 



< for t < 0, |0| < 1. 

(6.27) 

Ms 



|Xi(r,t,/i)| < 1 for t>0; |x 2 (r, t, //)| < 1 for t<0 (9^ < - — 



(6.28) 



for the functions 



(C/fc hi{r,t,fx)e(fx) + (U k ) 22 (r,t,fx) 
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In view of (2.13) and (2.18) we have 

^(^)=^ 2 l 2l(r ,^) W + 2 l 22 (r,^)' IWI^L ^<"T- 

(6.29) 

From (6.20) it follows that the linear fractional transformation on the right- 
hand side of (6.29) can be written down as the superposition of the three 
linear fractional transformations, the first of which transforms 9 into Xk- Us- 
ing (6.28) we see that the second transformation transforms Xk into ipki^, 0, //) 
for k — 1 and t > as well as for k = 2 and t < 0. In the limit, it follows 
from (6.20), (6.28), and (6.29) that (6.15) is true for k = 1, t > and for 
k = 2, t<0 ( - rj > M = max(f , f)). 

To prove (6.15) for k = 1, t < and for fc = 2, i > rewrite (6.20) in the 
form 

Sl fc (r, t, /i)f/ fc (r, t, /i) = C/ fe (i, /i)2l fc (r, 0, /i), (6.30) 
and use the inequalities 

U^r^nYjU^r^n) <j for t < 0; C/ 2 (r,£, n)*jU 2 (r,t, n) <j for t > 0, 

(6.31) 

which are immediate from (6.24). By (6.31) one can see that 

M 

\Xi{r,t,n)\<\ for t<0; |x 2 (r, t, /x)| < 1 for t>0 < -_), 

(6.32) 

where 

. , v ._ (U k )u(r,t,»)0(fj) + (Uk)i2(r,t,») h _ , 9 . ^ , 
Xfci, '^'"(^i(M,^) + ([/,) 22 (r,^)' 

Now, consider the linear fractional transformations of 9, where the coefficients 
are the entries of the left-hand side and right-hand side of (6.30), respectively. 
These linear fractional transformations coinside, and in the limit (as r tends 
to infinity) we obtain (6.15) for k — 1, t < and for k — 2, t > 0. Thus, 
(6.15) is proved. 

Step 2. By (2.14) we have \^ k (t,jj)\ < 1 (%t < -f). Hence, in view of 
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(6.15) we obtain 

[Mo,fiy i\u k {t,n)*ju k {t,n) 



^fc(0,/i) 

1 



< 0. 



(6.33) 



Recall that (6.15) holds for -%t > M > f . From (6.24) it follows that for 
-%f > Mi = | + M (e > 0) the inequalities 

U 1 (t,v)*jU 1 (t,Li)-j>e [ U^s^YU^s.^ds (t > 0), (6.34) 
U 2 (t,LiyjU 2 (t,Li)-j>e£u 2 (s,Li)*U 2 (s,ii)ds (t < 0) (6.35) 
are true. According to (6.33)-(6.35), for any /i such that — Qyx > Ml we have 



[^(0,/i)* l]i/i(s,Ai)*?7i(s,^) 



T [^(0,/i)* l]f/ 2 ( S ,/i)*f/ 2 ( S ,/i) 

J — oo 



^(0,/i) 

1 
1 



(is < 00, (6.36) 
ds < 00. (6.37) 



By (6.13), (6.21), (6.36), and (6.37) the inequalities 



sup 

t>0 



^i(0, /i) 
1 



< 00, sup 

t<0 



U 2 {t,n) 



^2(0, n) 

1 



< 00 (6.38) 



are valid. Inequalities (6.34) and (6.35) imply that 

\u u (t,fi, 1)| 2 > 1 + et (t>0), |Mn(t,/i,2)| 2 > 1 - et (t<0). (6.39) 
From (6.38) and (6.39) follows (6.14). 

In view of (6.6) and (6.22) we obtain 

2/3i/?2 = 1 + cosw + i sin a;, i.e., 2 1 Z?!/?^ | 2 = 1 + cosw. 
Hence, the equality (6.16) is immediate. □ 
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